Abstract: Free-space propagations of the optical beams generated by the fractal zone plates with fractional structural parameters [i.e., fractional fractal zone plate (FZP)] are analytically studied in this paper. The results demonstrate that the axial location of the main focus and axial distance between two neighboring foci of the fractional FZP beam can be precisely customized. Furthermore, we first demonstrate optical manipulation with the fractional FZP beam. The experimental results verified that such an FZP beam can simultaneously trap multiple particles positioned in different focal planes of the beam, owing to the multiple foci and self-reconstruction property of the FZP beam. The customized locations of trapped particles can also be realized by the fractional FZP beam, which would be useful for constructing three-dimensional optical tweezers.
Introduction
Highly focused laser beams are widely used to trap various types of particles such as transparent silica or polymer spheres, coated microspheres, and so on [1] - [3] . Conventionally, only the optical fields in the imaging plane can be controlled. Thus, the microparticles in multiple planes cannot be manipulated simultaneously. Although multiple microparticles can be trapped in 3-D space via several methods such as time-sharing, specific beam shaping algorithms, and so on [4] - [6] , the subsequent propagation of the beam would be affected by the reflection, refraction, or absorption of a trapped particle.
To realize 3-D trapping of multiple particles in 3-D space, one can generate an optical beam with tailorable intensity distribution and the self-reconstruction property [7] along the propagation axis of the beam. A few beams, e.g., Bessel beams, Airy beams, and others, were found to possess the self-reconstruction property and used to trap multiple particles simultaneously [8] - [10] , but positions of the trapped particles in 3-D space could not be customized owing to the diffraction properties of the beams. Although the optical beams generated by fractal zone plates (FZPs) were proved to possess the self-reconstruction property and the focal lengths of multiple foci provided by the beam can be tailored by adjusting the structural parameters of the FZP [11] , [12] , the axial distance between two neighboring foci of an FZP beam can only be roughly adjusted. Furthermore, a fractal structure lens named devil's lens was used in optical tweezers [13] , but the focal length of the lens cannot be tailored precisely and the trappings of multiple foci have not been implemented. Conventionally, the number of fractal segments of an FZP is an integer [11] , but the number can be fractional [12] . We name the FZP with a fractional number of fractal segments as fractional FZP. In this paper we first demonstrate the capability of the optical beams generated by the fractional FZP in constructing 3-D optical tweezers. The main focus and the second subsidiary foci of the beam will be used to separately trap and manipulate particles at different focal spots in 3-D space. Furthermore, dynamic manipulation of microparticles in optical tweezers will be implemented by changing Ns of the fractional FZPs. The unique diffraction properties such as the self-reconstruction property and customizable focal length of the fractional FZP beam are found to be privital for the implementation of the 3-D manipulation.
Axial Properties of the Fractional FZP
The FZPs can be constructed from conventional Fresnel zone plates in some cases [11] . Usually, one-dimensional fractal structure of the binary Cantor sets can be adopted for the construction of an FZP. The optical beam generated by an FZP was found to possess multiple foci with internal fractal properties along the optical axis [11] . Although many specified FZPs [14] - [19] have been proposed, the focal length of multiple foci provided by the FZP beam, e.g., the FZP beam with an integer of fractal segments, can be only roughly adjusted. Fig. 1(a) shows an example FZP with N = 3 and S = 3, where N and S are the numbers of fractal segments and stage, respectively [11] . In our recent investigation [12] the axial locations of multiple foci and the axial distance between two neighboring foci of a fractional FZP beam can be precisely adjusted by modifying the fractional number N. Furthermore, the fractional FZP beams are also found to possess the self-reconstruction property [12] . Fig. 1(b) shows an example fractional FZP with N = 2.9 and S = 3.
The transmittance of a single FZP comprises 0 and 1 meaning that the corresponding zone of the FZP is opaque or transparent to the incident beam [11] . The transmittance values of 0 and 1 of the FZP can be replaced with phase steps of 0 and π, respectively, for the higher diffraction efficiency of phase-only diffractive optical elements [20] . Furthermore, the focal length of the main focus of an FZP beam can be expressed by (1) [14] , shown below, and it has been proved that the focal length of a fractional FZP beam can be still expressed by [12] f (a, λ, 
where a is the radius of the FZP, λ is the wavelength of the illuminating light, N is the number of the segments forming the fractal structure, and S is the fractal stage.
A collimated laser beam with a wavelength of 532 nm was applied in the following simulations and trapping experiments. The radii of the FZPs are set as 256 × 15 μm. Propagations of the FZP beam in free space are simulated by using the angular spectrum of the plane wave method. As an example, the axial irradiance of the FZP with N = 3 and S = 3 is shown in Fig. 2 (a) and the counterpart of the fractional FZP with N = 2.9 and S = 3 is shown in Fig. 2(b) . The main foci in Fig. 2 (a) and (b) have the calculated distances of 221.7 mm and 250.7 mm from the FZPs, respectively. The peaks around the respective main focus are marked as the first subsidiary focus and the second one, respectively. The average axial distance between two neighboring foci (i.e., the main focus and subsidiary foci) of the FZP beam with N = 3 and S = 3 is about 8.5 mm and the counterpart of the fractional FZP with N = 2.9 and S = 3 is about 10.3 mm. The plots of axial location of the main focus and axial distance between the main focus and the second subsidiary focus of an FZP beam with S = 3 versus N are shown in Fig. 2(c) and (d), respectively. Obviously, when N is changed with a fractional increment, both the axial locations and the axial spacings of the foci of the FZP beam can be more precisely controlled. Thus, microparticles can be dynamically manipulated by changing Ns of the fractional FZPs.
It is worth mentioning that although the fractional FZP beam has weaker foci than the FZP beam with an integer of N in Fig. 2(a) and (b) , the fractional FZP beams can be still used to trap microparticles due to the intensity-gradient force. As the fractional FZP beams are found to have the self-reconstruction property [12] , the trapped particles will not affect the subsequent propagation of the beam. This will be beneficial to stable trapping of microparticles in multiple planes. In the following multi-plane trapping experiments, we will use the FZP shown in Fig. 1(b) so that the shifts of the foci in the viewfield can be observed clearly. Considering the limited depth of the sample cell and short work distance of the objective, we will use the main focus and the second subsidiary focus shown in Fig. 2(b) to trap microparticles.
Optical Trapping of Microparticles With the Fractional FZP Beam
The schematic of the whole optical trapping system can be referred to [21] . A Gaussian beam emitting from an optically pumped semiconductor laser with maximum output power of 1 W is expanded with a beam expander and then projected onto the spatial light modulators (SLMs: BNS, XY Nematic Series, 512 × 512 pixels, phase type, pixel pitch = 15 μm). The reconstructed FZP beam from the SLM is further reduced 25 times with a telescope. The optical arrangement around the sample cell is schematically shown in Fig. 3(a) , where the reduced FZP beam incidents to the sample cell at a small oblique angle. In the trapping experiments polystyrene beads with a diameter of about 5 μm were immersed in deionized water of refractive index of 1.33. The oblique incidence of the beam ray in Fig. 3(a) facilitates the observation of three-dimensional trapping of microparticles in multiple focal planes. It is worth mentioning that the relative distance between the objective and the sample cell was fixed in the trappings.
In Fig. 3(a) , the main focus of the FZP beam with N = 3 and S = 3 is located at the focal plane of the objective. The observed main focus in the viewfield of the CCD camera is shown in Fig. 3(b) . When the sample cell and the objective were shifted upward synchronously about 180 μm, the second subsidiary focus is just located at the focal plane of the objective and we can observe the image of the focus clearly in the viewfield of the CCD camera as is shown in Fig. 3(c) . Similarly, when the fractional FZP beam with N = 2.9 and S = 3 is used in the optical tweezers system, the image of the observed main focus in the viewfield of the CCD camera is shown in Fig. 3(d) . Differently, only when the sample cell and the objective were shifted upward synchronously about 360 μm, can we observe the image of the second subsidiary focus clearly in the viewfield. The image is shown in Fig. 3(e) . Compared with the FZP beam with N = 3 and S = 3, the axial distance between the main focus and the second subsidiary focus of the fractional FZP with N = 2.9 and S = 3 is increased slightly. Furthermore, we can observe that the locations of the foci shift toward a fixed direction in the viewfield of the CCD camera due to oblique incidence of the FZP beam ray. Comparing Fig. 3(b) and (c) with Fig. 3(d) and (e), we find that the shifting displacement of the second subsidiary focus from the main focus of the fractional FZP with N = 2.9 and S = 3 is slightly greater than that of the FZP with N = 3 and S = 3 in the viewfield. The results are in agreement with those shown in Fig. 2(a) and (b) . Thus, the axial distance between two neighboring foci of an FZP beam can be precisely adjusted by setting N as a fraction.
Optical trapping experiments were implemented with the optical beam generated by the fractional FZP shown in Fig. 1(b) . In the trapping experiments, the laser power was set to 950 mW. In the beginning, the main focus of the fractional FZP beam with N = 2.9 and S = 3 was located at the focal plane of the objective in Fig. 3(a) . The image of the main focus in the viewfield is shown on the right bottom of the exposure region of Fig. 3(d) . A polystyrene bead was attracted toward the main focus and then trapped stably. Fig. 4(a)-(d) show the sequential CCD-captured frames demonstrating that the trapped polystyrene bead was manipulated horizontally. Then, the sample cell and the objective were shifted upward synchronously about 360 μm until the second subsidiary focus was just located at the focal plane of the objective. The image of the second subsidiary focus in the viewfield is located at the left bottom of the exposure region of Fig. 3(e) . A polystyrene bead around the focus was trapped and moved. The trappings are shown in Fig. 5(a)-(d) . In Figs. 4 and 5, the particle highlighted with the white dashed rectangle is the background particle and the black arrows represent the movement of the trapped particle. Hence, we can see from Figs. 4 and 5 that each of the foci, i.e., the main focus and the second subsidiary focus of the fractional FZP beam, is capable of manipulating particles stably.
In order to verify the ability of 3-D trapping of microparticles with the fractional FZP beam with N = 2.9 and S = 3, we first located the main focus of the beam at the focal plane of the objective in Fig. 3(a) . It is observed that the polystyrene beads marked as 1 were trapped from Fig. 6(a) and (b), where the white and black arrows highlighted the locations of the main focus and the second subsidiary focus, respectively. Then, the sample cell and the objective in Fig. 3(a) were shifted upward synchronously and in the mean time the main focus was relatively shifted toward the bottom of the sample cell. From Fig. 6(b) -(e), we can see that the beads marked as 1 were still trapped stably and shifted downward with the main focus. Thus, the image of the trapped beads 1 changed dim gradually in the viewfield of the CCD camera. The sample cell and the objective were further shifted upward synchronously until the second subsidiary focus approached the focal plane of the objective. In the process the polystyrene bead marked as 2 was attracted to the subsidiary focus and finally trapped stably at the focal plane of the objective. The trappings of the bead marked as 2 are shown in Fig. 6(d)-(f) . In the experiments the polystyrene beads marked as 1 moved toward the bottom of the sample cell with the main focus and meanwhile the bead marked as 2 was trapped by the second subsidiary focus as is shown in Fig. 6(b)-(f) . The results demonstrate that the particles can be trapped by the multiple foci of the fractional FZP beam in different planes simultaneously. Hence, when the FZPs are designed with a fractional number of fractal segments, the focal lengths of the foci can be finely tailored and customized trapping locations of trapped particles in 3-D space can be realized experimentally.
In fact, N can be modified with a variation as small as 0.001. For example, the main focus of the fractional FZP with N = 3.001 and S = 3 has shifting displacements of 0.2 mm in free space and 8 μm in the sample cell from that of the FZP with N = 3 and S = 3, respectively. Similarly, the corresponding subsidiary foci also have smaller shifting displacements. For comparisons, N can be modified with an increment of 1, e.g., from N = 2 to N = 3. The main focus of the FZP with N = 2 and S = 3 has shifting displacements of 804.9 mm in free space and 32.2 mm in the sample cell from that of the FZP with N = 3 and S = 3, respectively. Thus, microparticles can be dynamically manipulated by modifying N with an especially small fractional variation. For convenience we used the second subsidiary foci of the fractional FZPs to trap microparticles dynamically. Fig. 7(a) and (b) show the second subsidiary focus of the FZP with N = 3 and S = 3 and the trapped microparticle in the viewfield of the CCD camera, respectively. Then, the FZPs with N = 3.001, 3.002, and 3.003 were loaded on the SLM sequentially every 5 seconds. When N was increased, the second subsidiary focus of the corresponding fractional FZP was shifted toward the bottom of the sample cell. The experimental results are shown in Fig. 7(c) -(e), where the trapped particle becomes blurred with dynamic changing of the fractional FZPs in the SLM. Then, the FZPs with N = 3.002, 3.001, and 3.0 were loaded on the SLM sequentially every 5 seconds. The second subsidiary focus of the corresponding fractional FZP would be shifted toward the top of the sample cell. The dynamic trappings are shown in Fig. 7(f)-(h) , where the trapped microparticle moves toward the original location and is in focus. Thus, the positions of the trapped particles can be dynamically controlled.
Conclusion
The axial properties of the optical beam generated by a fractional FZP were analytically investigated in this paper. The results demonstrated that the focal length of multiple foci of a fractional FZP beam can be controlled precisely. The fractional FZP beam was first used in optical trapping and manipulating. In the trapping experiments the main focus and the second subsidiary focus of the fractional FZP beam with N = 2.9 and S = 3 were used to trap polystyrene beads. The experimental results demonstrated that the foci can manipulate particles stably and independently and even trap different microparticles in the two respective focal planes simultaneously. The results verify that the fractional FZP beam can be employed to construct 3-D optical tweezers where the trapping locations can be finely arranged.
